Abstract. We use a method involving elementary submodels and a partial converse of Foran lemma to prove separable reduction theorems concerning Suslin σ-P-porous sets where P can be from a rather wide class of porosity-like relations in complete metric spaces. In particular, we separably reduce the notion of Suslin cone small set in Asplund spaces. As an application we prove a theorem stating that a continuous approximately convex function on an Asplund space is Fréchet differentiable up to a cone small set.
Introduction
The present paper could be considered as a sequel to the articles [1] and [2] . Our main aim is to further investigate separable determination of various properties of sets and functions in metric spaces (especially Banach spaces). That is, given a nonseparable metric space X and a property of sets (or functions etc.) in X, we are interested whether certain statements about the property hold, provided that they hold in (some) separable subspaces of X. In particular, if X is a metric space, we are interested in σ-P-porous sets in X, where P is a porosity-like relation on X (see the definition below).
The key method we use to obtain separable determination results uses countable elementary structures which we call elementary submodels. This method is described in Section 2. Further details and examples of use can be found in [1] and [2] . However, the reader ought to note that there are other ways to go about this topic. An example is the use of rich families of Banach spaces, which is described in detail, e.g., in [5] . Sometimes one can also opt to prove this sort of results in the "elementary way", in some sense replicating parts of the proof of the Löwenheim-Skolem theorem. This approach would in many cases be very complicated, but can give a deeper insight, when possible.
In the rather technical Section 3 we prove essential auxiliary results which we use in Section 4 to prove our general separable determination result, Proposition 4.6. The general scheme of our proof is rather similar to that of separable determination of σ-upper porous sets in [2] and involves the Foran lemma and it's partial converse. The difference is that here we need no inscribing theorems as in [2] to prove the statement for all Suslin sets.
Section 5 contains the main result of this article, the separable determination of the notion of cone small sets in Asplund spaces (Theorem 5.10). Arguably the deeper part of this statement is a consequence of Proposition 4.6. In the last section we provide several applications of our results, most notably Theorem 6.3.
Let us recall the most relevant notions, definitions, and notations. We denote by ω the set of all natural numbers (including 0), by N the set ω \ {0}, by R + the interval (0, ∞), and Q + stands for R + ∩ Q. We denote by ω <ω the set of all finite sequences of elements of ω, and by ω ω the set of all infinite sequences. The notion of a countable set includes also finite sets. If f is a mapping then we denote by Rng f the range of f and by Dom f the domain of f . By writing f : X → Y we mean that f is a mapping with Dom f = X and Rng f ⊂ Y . By the symbol f ↾ Z we denote the restriction of the mapping f to the set Z.
If (X, ρ) is a metric space, we denote by U X (x, r) the open ball, i.e., the set {y ∈ X; ρ(x, y) < r}. We often write U (x, r) instead of U X (x, r). If A, B ⊂ X are nonempty sets in a metric space X, we denote by d(A, B) the distance between the sets A and B, i.e., d(A, B) = inf{ρ(a, b); a ∈ A, b ∈ B}. We shall consider normed linear spaces over the field of real numbers. If X is a normed linear space, X * stands for the dual space of X.
We say that P is a porosity-like relation on the space X if P is a relation between points x ∈ X and sets A ⊂ X (i.e. P ⊂ X × 2 X ) satisfying the following conditions:
(i) if A ⊂ B and P(x, B), then P(x, A), (ii) P(x, A) if and only if there is r > 0 such that P(x, A ∩ U (x, r)), (iii) P(x, A) if and only if P(x, A). A set is P-porous, if P(x, A) for every x ∈ A. A set is σ-P-porous, if it is a countable union of P-porous sets.
Elementary submodels
In this section we recall some basic notions concerning the method of elementary submodels. A brief description of this method can be found in [2] , for a more detailed description see [1] .
First, let us recall some definitions. Let N be a fixed set and φ a formula in the language of ZF C. Then the relativization of φ to N is the formula φ N which is obtained from φ by replacing each quantifier of the form "∀x" by "∀x ∈ N " and each quantifier of the form "∃x" by "∃x ∈ N ". If φ(x 1 , . . . , x n ) is a formula with all free variables shown (i.e. a formula whose free variables are exactly x 1 , . . . , x n ) then φ is absolute for N if and only if ∀a 1 , . . . , a n ∈ N : φ N (a 1 , . . . , a n ) ↔ φ(a 1 , . . . , a n ) .
The method is based mainly on the following theorem (a proof can be found in [4, Chapter IV, Theorem 7.8]).
Theorem 2.1. Let φ 1 , . . . , φ n be any formulas and X any set. Then there exists a set M ⊃ X such that φ 1 , . . . , φ n are absolute for M and |M | ≤ max(ω, |X|).
Since the set from Theorem 2.1 will often be used, the following notation is useful.
Definition 2.2. Let φ 1 , . . . , φ n be any formulas and X be any countable set. Let M ⊃ X be a countable set such that φ 1 , . . . , φ n are absolute for M . Then we say that M is an elementary submodel for φ 1 , . . . , φ n containing X. This is denoted by M ≺ (φ 1 , . . . , φ n ; X).
The fact that certain formula is absolute for M will always be used in order to satisfy the assumption of the following lemma. It is a similar statement to [1, Lemma 2.6] . Using this lemma we can force the elementary submodel M to contain all the needed objects created (uniquely) from elements of M . Lemma 2.3. Let φ(y, x 1 , . . . , x n ) be a formula with all free variables shown and Y be a countable set. Let M be a fixed set, M ≺ (φ, ∃y : φ(y, x 1 , . . . , x n ); Y ), and a 1 , . . . , a n ∈ M be such that there exists a set u satisfying φ(u, a 1 , . . . , a n ). Then there exists u ∈ M such that φ(u, a 1 , . . . , a n ).
Proof. Using the absoluteness of the formula ∃u : φ(u, x 1 , . . . , x n ) there exists u ∈ M satisfying φ M (u, a 1 , . . . , a n ). Using the absoluteness of φ we get, that for this u ∈ M the formula φ(u, a 1 , . . . , a n ) holds.
It would be very laborious and pointless to use only the basic language of the set theory. For example, having a Banach space X and x, y ∈ X we often write x + y and we know that this is a shortcut for a formula with free variables x, y, and + (note that the symbol + is here considered to be a variable as it depends on the Banach space). Therefore, in the following text we use this extended language of the set theory as we are used to. We shall also use the following convention.
Convention 2.4. Whenever we say "for any suitable elementary submodel M (the following holds . . . )" we mean that "there exists a list of formulas φ 1 , . . . , φ n and a countable set Y such that for every M ≺ (φ 1 , . . . , φ n ; Y ) (the following holds . . . )".
By using this new terminology we lose the information about the formulas φ 1 , . . . , φ n and the set Y . However, this is not important in applications.
Let us recall several further results about suitable elementary submodels (all the proofs are based on Lemma 2.3 and they can be found in [1, Chapters 2 and 3]).
Proposition 2.5. For any suitable elementary submodel M the following holds.
(
For every natural number n > 0 and for arbitrary n + 1 sets a 0 , . . . , a n it is true that a 0 , . . . , a n ∈ M ⇐⇒ (a 0 , . . . , a n ) ∈ M. Notation 2.6.
• If A is a set, then by saying that an elementary model M contains A we mean that A ∈ M .
• If (X, ρ) is a metric space (resp. (X, +, ·, · ) is a normed linear space) and M is an elementary submodel, then by saying M contains X (or by writing X ∈ M ) we mean that (X, ρ) ∈ M (resp. (X, +, ·, · ) ∈ M ).
• If X is a topological space and M is an elementary submodel, then we denote by X M the set X ∩ M .
Proposition 2.7. For any suitable elementary submodel M the following holds.
(i) If X is a metric space then whenever M contains X, it is true that
(ii) If X is a normed linear space then whenever M contains X, it is true that X M is a closed separable subspace of X. [2] . Add to them formulas marked with ( * ) in all the preceding proofs from this paper and formulas marked with ( * ) in the proof below and all their subformulas. Denote such a list of formulas by ψ 1 , . . . , ψ k . Let us fix a countable set X containing the sets Y , ω, ω ω , ω <ω , Z, Q, Q + , R, R + , and all the common operations and relations on real numbers (+, −, ·, :, <). Fix an elementary submodel M for formulas ψ 1 , . . . , ψ k containing X (such that A 1 , . . . , A n ∈ M ).
Thus, any ( * )-elementary submodel M is suitable for the results from [1] , [2] and all the preceding theorems and propositions from this paper, making it possible to use all of these results for M .
In order to demonstrate how this technique works, we prove the following lemma which we use later.
Lemma 2.9. For any suitable elementary submodel M the following holds. Let (X, ρ) be a metric space and F be a countable collection of subsets of X. Then whenever M contains X and
Proof. Let us fix a ( * )-elementary submodel M containing X such that F ⊂ P(X) ∩ M and F is dense in X. In order to see that F ∩ X M is dense in X M , it is sufficient to prove that, for every x ∈ X ∩ M and r ∈ Q + , there exists F ∈ F such that U (x, r) ∩ X M ∩ F = ∅. Fix some x ∈ X ∩ M and r ∈ Q + . Then there exists F ∈ F such that the following formula is satisfied
The preceding formula has free variables F , ρ, <, x, and r. Those are in M ; hence, by Lemma 2.3, there exists y ∈ M such that y ∈ F and ρ(x, y) < r. Consequently, U (x, r) ∩ X M ∩ F = ∅.
Foran scheme
We employ the following notation. Given s, t ∈ ω <ω , we write s ≺ t if t is an extension of s (not necessarily proper). We denote the concatenation of s ∈ ω <ω and t ∈ ω <ω by sˆt. If s ∈ ω <ω and i ∈ ω, we write sˆi instead of sˆ(i). If ν = (ν 0 , ν 1 , ν 2 , . . . ) ∈ ω ω and n ∈ ω, then the symbol ν|n means the finite sequence (ν 0 , ν 1 , . . . , ν n−1 ). If t ∈ ω <ω , then the symbol |t| denotes the length of t. By a tree we mean any subset T of ω <ω such that for every s ∈ ω <ω and t ∈ T with s ≺ t, we have s ∈ T . We say that a tree T is pruned if for every t ∈ T there exists n ∈ ω such that tˆn ∈ T .
Let us recall that any family A = {A(s); s ∈ ω <ω } of sets is called a Suslin scheme and Suslin operation S is defined by S(A) = S s (A(s)) = ν∈ω ω n∈ω
A(ν|n).
A Suslin scheme {A(s); s ∈ ω <ω } is called monotone if A(s) ⊃ A(t) whenever s, t ∈ ω <ω , s ≺ t. Finally, a subset A of a topological space X is a Suslin set (in X) if there exists a Suslin scheme A consisting of closed subsets of X with S(A) = A.
Setting 3.1. Let X be a complete metric space, P be a porosity-like relation on X, and let B be a basis of open sets in X.
Definition 3.2. For any A ⊂ X we define the following set operators:
The following lemma is easy to prove. Its assertions (i) and (ii) can be found, e.g., in [7] .
Definition 3.4. Let F = {S(t); t ∈ ω <ω } be a system of nonempty subsets of X such that for each t ∈ ω <ω and each k ∈ ω we have (i) j∈ω S(tˆj) is a dense subset of S(t), (ii) S(t) is P-porous at no point of S(tˆk), (iii) for any ν ∈ ω ω and any sequence {G n } n∈ω of sets from B satisfying:
Then we say that F is a (B, P)-Foran scheme in X. If there is no danger of confusion we will say just Foran scheme.
Lemma 3.5. Let F be a Foran scheme in X. Then each element of F is a non-σ-P-porous set.
Proof. We mimic the standard proof which works for Foran systems, see [11, Lemma 4.3] . It is sufficient to prove that S(∅) is non-σ-P-porous. Suppose on the contrary that S(∅) = ∞ n=1 A n , where each A n is P-porous. We set A 0 = ∅. We will construct ν = (ν 0 , ν 1 , . . . ) ∈ ω ω and a sequence of open sets {G n } n∈ω such that for every n ∈ ω we have
We will construct inductively ν n 's and G n 's. If n = 0, then we find an open set G 0 ∈ B intersecting S(∅) with diam G 0 < 1. Then conditions (a)-(e) are clearly satisfied. Now suppose that we have already constructed G n and s = (ν 0 , . . . , ν n−1 ) for n ∈ ω. We distinguish two cases.
If A n+1 is not dense in S(s) ∩ G n , then we find a nonempty open set G n+1 ∈ B such that
This finishes the construction of ν and G n 's.
Since F is a Foran scheme there exists x ∈ n∈ω S(ν|n) ∩ G n . By (b) and (d) we have
We say that A is P-regular if A is monotone and for every s ∈ ω <ω we have ker P (C(s)) = C(s) = ∅.
Lemma 3.8. Let A be a Suslin scheme consisting of closed sets and C ⊂ S(A) be a Suslin set. Then there exists a Suslin scheme C consisting of closed sets which is subordinate to A and C = S(C).
Proof. Let L = {L(s); s ∈ ω <ω } be a Suslin scheme consisting of closed sets with
where s = (s 0 , . . . , s |s|−1 ) ∈ ω <ω \{∅}. We define the desired scheme C by C(s) = A(ϕ(s))∩L(ρ(s)). The scheme C = {C(s); s ∈ ω <ω } consists of closed sets and is clearly subordinate to A via the mapping ϕ.
We verify the equality C = S(C). If x ∈ C, then there exist ν, µ ∈ ω ω such that x ∈ L(ν|k) and x ∈ A(µ|k) for every k ∈ ω. Since ψ is a bijection of ω onto ω 2 we can find τ ∈ ω ω such that ϕ(τ |k) = ν|k and ρ(τ |k) = µ|k for every k ∈ ω. Then we have x ∈ C(τ |k) for every k ∈ ω. Consequently, x ∈ S(C).
If x ∈ S(C), then there exists τ ∈ ω ω such that x ∈ C(τ |k) for every k ∈ ω. We find µ, ν ∈ ω ω such that ϕ(τ |k) = µ|k and ρ(τ |k) = ν|k for every k ∈ ω. Then we have x ∈ A(µ|k) ∩ L(ν|k). Consequently, x ∈ C. Thus we have proved C = S(C).
Lemma 3.9. Let A be a Suslin scheme consisting of closed subsets of X and C ⊂ S(A) be a Suslin set with ker P (C) = C = ∅. Then there exists a P-regular Suslin scheme L = {L(s); s ∈ ω <ω } consisting of closed subsets of X such that L is subordinate to A and S(L) is a dense subset of C.
Proof. Let A = {A(s); s ∈ ω <ω }. Using Lemma 3.8 we find a Suslin scheme D = {D(s); s ∈ ω <ω } consisting of closed subsets of X which is subordinate to A and S(D) = C. For s ∈ ω <ω we set
, and Q(s) = S t (P (sˆt)).
We verify that ker P (Q(s)) = Q(s) for every s ∈ ω <ω . For every u ∈ ω <ω we have
and
Since E(uˆj) \ H(uˆj) is σ-P-porous for every j ∈ ω (Lemma 3.3(i)), we conclude that the set H(u) \ j∈ω H(uˆj) is σ-P-porous. Since for every s ∈ ω <ω we have
we get that H(s) \ S t (H(sˆt)) is σ-P-porous. Therefore
by Lemma 3.3(iv). Further, we get that S t (H(sˆt)) is a dense subset of H(s), thus S t (H(sˆt)) = H(s). Observing
and using (1) we get ker P (Q(s)) = Q(s). Indeed, fix an open set U with U ∩ Q(s) = ∅. Using (2), U ∩ S t (H(sˆt)) = ∅ and, by (1), U ∩ S t (H(sˆt)) is not σ-P-porous set. Hence, U ∩ Q(s) is not σ-P-porous set and, as U was an arbitrary open set intersecting Q(s), ker P (Q(s)) = Q(s). Further, we set T = {s ∈ ω <ω ; P (s) = ∅}. The set T is obviously a nonempty tree. Moreover, T is pruned. Indeed, if s ∈ T , then H(s) = ∅ and thus E(s) is non-σ-P-porous. We have E(s) = n∈ω E(sˆn) and therefore there exists m ∈ ω such that E(sˆm) is non-σ-P-porous. Thus P (sˆm) = ∅ and sˆm ∈ T .
We find a mapping ϕ : ω <ω → ω <ω such that for every s ∈ ω <ω we have
We have ∅ ∈ T since T is nonempty. We set ϕ(∅) = ∅. Suppose that ϕ(s) ∈ T has been already defined for some s ∈ ω <ω . The set W := {k ∈ ω; ϕ(s)ˆk ∈ T } is nonempty since T is pruned. Thus we can find a mapping ψ : ω → ω such that ψ(ω) = W . We define ϕ(sˆn) = ϕ(s)ˆψ(n). This finishes the construction of ϕ. It is easy to check that the mapping ϕ has all the required properties.
We set L(s) = P (ϕ(s)) and L = {L(s); s ∈ ω <ω }. The scheme {E(s); s ∈ ω <ω } is monotone by definition. This easily gives that the scheme L is also monotone.
By the properties of ϕ and the definition of T we have S t (L(sˆt)) = Q(ϕ(s)) = ∅ for every s ∈ ω <ω . Indeed, if x ∈ Q(ϕ(s)) for some s ∈ ω <ω , then there exists ν ∈ ω ω such that x ∈ P (ϕ(s)ˆν|n) for every n ∈ ω. Thus P (ϕ(s)ˆν|n) = ∅ for every n ∈ ω. This means that ϕ(s)ˆν|n ∈ T for every n ∈ ω. Using the properties of ϕ we find µ ∈ ω ω such that ϕ(sˆµ|n) = ϕ(s)ˆν|n for every n ∈ ω. Thus we have x ∈ n∈ω P (ϕ(s)ˆν|n) = n∈ω L(sˆµ|n) ⊂ S t (L(sˆt)). If x ∈ S t (L(sˆt)), then there exists ν ∈ ω ω such that x ∈ L(sˆν|n) = P (ϕ(sˆν|n)) for every n ∈ ω. Using the properties of ϕ again, we get x ∈ n∈ω P (ϕ(sˆν|n)) ⊂ Q(ϕ(s)). Finally, if s ∈ ω <ω we have H(ϕ(s)) = ∅ and H(ϕ(s)) \ S t (H(ϕ(s)ˆt)) is σ-P-porous. Thus S t (H(ϕ(s)ˆt)) = ∅ and by (2) we get
Clearly L ⊑ D. Using the fact that D ⊑ A, we get L ⊑ A. It remains to verify that S(L) is dense in C. Since by definition we have P (s) ⊂ D(s) for every s ∈ ω <ω , we get Q(∅) ⊂ E(∅) = C. The set S t (H(t)) is a dense subset of H(∅). We get by (2) that Q(∅) is a dense subset of H(∅) = C. It concludes the proof since S(L) = Q(∅). Proposition 3.10. Suppose that N P (A) is a Suslin set whenever A ⊂ X is Suslin. If S ⊂ X is a Suslin non-σ-P-porous set, then there exists a (B, P)-Foran scheme F in X such that each element of F is a subset of S.
Proof. We will construct a sequence (A n ) n∈ω of P-regular Suslin schemes consisting of closed sets, where A n = {A n (s); s ∈ ω <ω }. For s ∈ ω <ω we denote C n (s) = S t (A n (sˆt)) and, for every n ∈ ω, we require
• A n+1 ⊑ A n and this fact is witnessed by a mapping ϕ n+1 : ω <ω → ω <ω , • ϕ n+1 (s) = s for every s ∈ ω <ω , |s| ≤ n.
Using Lemma 3.9 we find a P-regular Suslin scheme A 0 consisting of closed sets with S(A 0 ) ⊂ ker P (S) ⊂ S. Suppose that n ∈ ω, n > 0, and we have already constructed the desired schemes A j , j < n. Fix s ∈ ω n−1 . The set ker P (N P (C n−1 (s))) is nonempty by P-regularity of A n−1 . This set is also Suslin by the assumption and Lemma 3.3(iii). By Lemma 3.9 we find a P-regular Suslin scheme L s = {L s (t); t ∈ ω <ω } such that S(L s ) is a dense subset of ker P (N P (C n−1 (s))) and L s ⊑ {A n−1 (sˆt); t ∈ ω <ω }. The last fact is witnessed by a mapping ϕ s n : ω <ω → ω <ω .
For t = (t 0 , . . . , t |t|−1 ) ∈ ω <ω , we set A n (t) = A n−1 (t), |t| < n, L t|(n−1) (t n−1 , . . . , t |t|−1 ), |t| ≥ n; ϕ n (t) = t, |t| < n, t|(n − 1)ˆϕ t|(n−1) n (t n−1 , . . . , t |t|−1 ), |t| ≥ n.
Further, we set A n = {A n (t); t ∈ ω <ω }. We define S(s) = C |s| (s), s ∈ ω <ω , and F = {S(s); s ∈ ω <ω }. We verify the conditions (i)-(iii) from Definition 3.4.
(i) Let n ∈ ω and s ∈ ω n . Since ker P (C n (s)) = C n (s) we have that the set ker
(ii) We have S(tˆk) = C |t|+1 (tˆk) ⊂ N P (C |t| (t)) = N P (S(t)) for every t ∈ ω <ω and k ∈ ω.
(iii) Suppose that we have ν ∈ ω ω and a sequence {G n } n∈ω of open sets such that
We have that n∈ω G n = {x} for some x ∈ X, since X is complete. Our task is to show that x ∈ S(ν|m) for every m ∈ ω. Fix m ∈ ω. For each k ∈ ω there exists y k ∈ S(ν|k) ∩ G k . We have lim y k = x. Fix k ∈ ω, k ≥ m. For every n ∈ ω, n > k, we have
Since A m is a P-regular scheme, it is monotone. Using this fact and (3) we get
Since ϕ j (ν|k) = ν|k for every j ∈ ω, j > k, we get
Using this and (4) we get x ∈ A m (ϕ m+1 • · · · • ϕ k+1 (ν|k)) since the latter set is closed. Since ν|m ≺ ϕ m+1 • · · · • ϕ k+1 (ν|k) we can conclude x ∈ S(ν|m).
Porosity-like relations
Definition 4.1. Let X be a metric space and R be a point-set relation on X (i.e. R ⊆ X × P(X)). Let M be a set and R ′ be a point-set relation on X M = X ∩ M . We say that the set M is a pointwise (R → R ′ )-model if
Similarly, we define the notion of a pointwise (R ↔ R ′ )-model. Definition 4.2. Let X be a metric space and P be a porosity-like relation on X. Let M be a set and P ′ be a porosity-like relation on X M = X ∩ M . We say that the set M is a (P → P ′ )-model if for every set A ∈ P(X) ∩ M A is P-porous in the space X → A ∩ X M is P ′ -porous in the space X M .
We say that the set M is a (σ-P → σ-P ′ )-model if for every set A ∈ P(X) ∩ M A is σ-P-porous in the space X → A ∩ X M is σ-P ′ -porous in the space X M .
Similarly, we define the notion of (P ← P ′ )-model, (P ↔ P ′ )-model, and (σ-P ↔ σ-P ′ )-model.
Proposition 4.3.
For any suitable elementary submodel M the following holds. Let X be a metric space, P be a porosity-like relation on X and P ′ be a porosity-like relation on X M . Assume M contains X and P.
Proof. Let us fix a ( * )-elementary submodel M containing X and P.
(i) The statement follows immediately from definitions.
(ii) Let us suppose M is a pointwise (¬P → ¬P ′ )-model and let us fix a non-P-porous set A ∈ P(X) ∩ M . Consider the formula
with free variables A and P. Since A ∈ M , P ∈ M , and the above formula is absolute for M , there exists x ∈ A ∩ M such that (x, A) / ∈ P, i.e., A is not P-porous at x. Hence A ∩ X M is not P ′ -porous at x. Thus, A ∩ X M is not P ′ -porous in the space X M and (ii) holds.
(iii) Suppose that A ∈ M ∩ P(X) is σ-P-porous. Then the next formula is satisfied
Now by Lemma 2.3 we find
We have D(n) ∈ M for every n ∈ N. Since M is a (P → P ′ )-model, we obtain that D(n) ∩ X M is P ′ -porous in X M for every n ∈ N, hence, A ∩ X M is σ-P ′ -porous in X M .
Lemma 4.4. Let (X, ̺) be a metric space and (Y, ̺) be its complete subspace. Assume we have a sequence
open balls in Y and assume the following conditions hold:
(i) lim n→∞ r n = 0,
Then there exists an increasing sequence of integers {n(k)} ∞ k=1 such that for each k ∈ N we have
Proof. We shall prove the following statement which implies the conclusion of the lemma: For each k ∈ N there is l ∈ N, l > k such that U l X X ⊆ U k X . Assume this is not the case, i.e., there is a natural number n 0 such that U n X X \ U n 0 X = ∅ for each natural number n > n 0 . Choose a sequence {y n } ∞ n=n 0 +1 such that y n ∈ U n X X \ U n 0 X for each n > n 0 . From the assumptions it is obvious that the sequence {x n } ∞ n=1 is Cauchy and hence it has a limit x ∈ Y (as Y is complete). Since ̺(x n , y n ) ≤ r n , it also follows from (i) that lim n→∞ y n = x.
X is open and y n / ∈ U n 0 X for any n > n 0 .
On the other hand, the assumption (ii) gives that {x n ; n > n 0 } ⊆ U n 0 +1 Y and so, again by (ii),
Y . This is a contradiction. Proposition 4.5. For any suitable elementary submodel M the following holds. Let X be a complete metric space, A ⊂ X and P be a porosity-like relation on X. Let there exist a (B, P)-Foran scheme F in X, where B = {U (x, r); x ∈ X, r ∈ R + }, such that each element of F is a subset of A. Assume that M contains X, A, P and M is a pointwise (¬P → ¬P ′ )-model for some porosity-like relation P ′ on X M .
Then there exists a (B ′ , P ′ )-Foran scheme F ′ in X M , where B ′ = {U (x, r)∩X M ; x ∈ X ∩M, r ∈ Q + }, such that each element of F ′ is a subset of A ∩ X M .
Proof. By the assumption, the following formula is true: ∃S (S : ω <ω → P(X) is such that {S(t); t ∈ ω <ω } is a (B, P)-Foran scheme in X and, for every t ∈ ω <ω , S(t) ⊂ A).
Using Lemma 2.3 and absoluteness of the preceding formula and its subformula for M , we find the corresponding S ∈ M . Consequently, for every t ∈ ω <ω , S(t) ∈ M . Now it is sufficient to prove, that
Hence, by Lemma 2.9, the condition (i) from Definition 3.4 is satisfied. Since M is a pointwise (¬P → ¬P ′ )-model for P ′ on X M we get by Proposition 4.3(ii) that the condition (ii) is satisfied. In order to prove that (iii) holds, let us take some ν ∈ ω ω , a sequence {x n } n∈ω of elements of X ∩ M and a sequence {r n } n∈ω of numbers from Q + such that the open balls G n = U (x n , r n ) ∩ X M satisfy conditions (a), (b), and (c) in the space X M . It is easy to see that the radii r n can be chosen in such a way that r n < 2 diam(U (x n , r n )∩X M ) = 2 diam(G n ), and hence r n → 0. Then Lemma 4.4 gives the existence of an increasing sequence of integers {n(k)} ∞ k=1 such that U (x n(k+1) , r n(k+1) ) X ⊆ U (x n(k) , r n(k) ) for each k. Hence we have that the sequence U (x n(k) , r n(k) ) ∞ k=1
satisfies condition (b) from the definition of (B, P)-Foran scheme in X and the condition (a) follows from our assumption that r n → 0. Now we verify the condition (c). From the assumptions on G n we know that
Since lim x n = x by (a) and (b), we have x ∈ X M . Consequently,
This verifies (iii) from Definition 3.4. Proposition 4.6. For any suitable elementary submodel M the following holds. Let X be a complete metric space, P be a porosity-like relation on X, and P ′ be a porosity-like relation on X M . Suppose that N P (S) is a Suslin set whenever S ⊂ X is Suslin. Assume M contains X, P, and a Suslin set A ⊂ X. Then whenever M is a pointwise (P ↔ P ′ )-model, then the following holds:
A is P-porous in the space X ⇐⇒ A ∩ X M is P ′ -porous in the space X M ,
A is σ-P-porous in the space X ⇐⇒ A ∩ X M is σ-P ′ -porous in the space X M .
Proof. By Proposition 4.3, it is sufficient to prove the implication from the right to the left in the second equivalence. Let us fix a ( * )-elementary submodel M containing X, P, and a non-σ-Pporous Suslin set A ⊂ X. We would like to verify that A is not σ-P ′ -porous in the space X M . Let B, B ′ be as in Proposition 4.5. By Proposition 3.10, there exists a (B, P)-Foran scheme F in X such that each element of F is a subset of A. Using Proposition 4.5, there exists a (B ′ , P ′ )-Foran scheme F ′ in X M such that each element of F ′ is a subset of A ∩ X M . Hence, by Lemma 3.5, A ∩ X M is non-σ-P ′ -porous in the space X M .
Remark 4.7. Let X be a complete metric space and P up be the porosity-like relation defined by (for the definition of the upper porosity, see for example [1] )
A is upper porous at the point x}.
Let us fix a ( * )-elementary submodel M containing X and P up . Denote by P ′ up the porosity-like relation defined by
A is upper porous at the point x in the space X M }. Then, by results from [1] and [2] , M is a pointwise (P up ↔ P ′ up )-model. It is easy to see that N Pup (S) is a Suslin set whenever S ⊂ X is Suslin. Thus, by Proposition 4.6, σ-upper porosity is separably determined property. This result has already been proved in [2] . However, a nontrivial inscribing theorem ([14, Theorem 3.1]) is needed in the proof there. The above mentioned method enables us to avoid the usage of this result.
Remark 4.8. It is known to the authors that also the notions of lower porosity, g -porosity, and (g)-porosity satisfy the assumptions of Proposition 4.6 (for definitions see [9] ). Consequently, those porosities (and corresponding σ-porosities) are separably determined when taking Suslin sets in complete metric spaces. We do not present proofs of those results here since now we see no interesting applications.
Note that in the following section we prove that also the notion of α-cone porosity in Asplund spaces satisfies the assumptions of Proposition 4.6 and, therefore, cone smallness is separably determined.
Question.
It is an open problem whether the notion of σ-directional porosity (see [12] for the definition) is separably determined in the sense of Corollary 5.11.
Note that the notion of σ-directional porosity is defined also in [5] , but in a slightly different way which is equivalent to the definition from [12] only in separable Banach spaces.
Cone porosity
In the following section we prove that the notion of α-cone porosity in Asplund spaces satisfies the assumptions of Proposition 4.6 and, therefore, cone smallness is separably determined. First, let us give the definition.
Definition 5.1. Let X be a Banach space. For x * ∈ X * \ {0} and α ∈ [0, 1) we define the α-cone
A set A ⊂ X is said to be α-cone porous at x ∈ X in the space X if there exists R > 0 such that for each ε > 0 there exists z ∈ U (x, ε) and x * ∈ X * \ {0} such that
The corresponding porosity-like relation is denoted by P α-cone X . A set is said to be cone small if it is σ-P α-cone X -porous for each α ∈ (0, 1).
The following lemma comes from [1, Lemma 4.14].
Lemma 5.2. For any suitable elementary submodel M the following holds. Let (X, ρ) be a metric space and f : X → R be a function. Then whenever M contains X and f , it is true that for every R > 0 and x ∈ X M we have
Proposition 5.3. For any suitable elementary submodel M the following holds. Let X be a Banach space and α ∈ [0, 1). Then whenever M contains X and α, M is a pointwise (P α-cone
Proof. Let us fix a ( * )-elementary submodel M containing X, α and a set A ∈ P(X) ∩ M . Fix some x ∈ X M such that A is α-cone porous at x. Then there exists a rational number R > 0 such that
We will show that this formula is true in the space X M with the constant R} and a point x ′ ∈ U (x, δ) ∩ M . Then it is easy to observe that the following formula is true
(Indeed, it is enough to take a point z ∈ U (x,
Using the absoluteness of this formula (and its subformulas) we find
By Lemma 5.2 we have x * = x * ↾ X M . Hence, the cone C(x * ↾ X M , α) in the space X M equals to C(x * , α) ∩ X M . We need to verify that
Fix some a ∈ A ∩ X M such that x − a < 1 4 R. Then a is an element of U (x ′ , 1 2 R). By (5) we conclude a / ∈ z ′ + C(x * , α) and the proof is finished.
In order to show existence of a pointwise (P α-cone
)-models we restrict our attention to Asplund spaces. First, we need to prove that "functionals from the model M are dense in (X M ) * when X is an Asplund space". This seems to be a nontrivial and very useful result and it might be useful in other separable reduction theorems as well. The proof can be done using the existence of a "projectional generator with domain X" in the dual space of an Asplund space X. In fact, it is sufficient to use only the first part of the proof of this statement from [3] . 
Proof. It is obvious that the inclusion "⊂" holds. Let us show that the opposite one holds as well. It is proved in the second step of the proof of [3, Theorem 1] that there exists continuous mappings D(n) : X → X * , n ∈ N, such that that, for every closed separable subspace V ⊂ X, we have
Using the absoluteness of the formula (and its subformula)
from X into X * and for every closed separable subspace V of X we have
we may without loss of generality assume that D(n) ∈ M for every n ∈ N. Thus, for every n ∈ N and x ∈ X ∩ M , we have D(n)(x) ∈ M . Using the continuity of D(n) for every n ∈ N, we get
Finally,
Now, we need to observe that it is enough to consider functionals from a dense subset of X * in the definition of α-cone porosity.
Lemma 5.5. Let X be a Banach space and let E ⊂ X and D ⊂ X * be norm-dense subsets. Let A ⊂ X and x ∈ X and α ∈ [0, 1). Then A is α-cone porous at x if and only if the following is true:
Proof. The sufficiency of our condition is easy to see. Let us, therefore, assume that a given set A is α-cone porous at a given point x ∈ X, and deduce from it the desired condition.
Since A is α-cone porous at x, it is easy to see that there exists R ∈ Q + such that
Let ε ∈ Q + . Using (6) we find x * ∈ X * and z ∈ B(x, min{ε, R}) such that
Using the last inequality and density of D we find
Indeed, since then we have
To verify (7) take u ∈ C(y * , α) with w + u ∈ B(x, R). Then we have
We compute
This shows that w + u − z ∈ C(x * , α). Consequently, we get w + u ∈ z + C(x * , α). A is α-cone porous in the space X ⇐⇒ A ∩ X M is α-cone porous in the space X M , A is σ-α-cone porous in the space X ⇐⇒ A ∩ X M is σ-α-cone porous in the space X M , A is cone small in the space X ⇐⇒ A ∩ X M is cone small in the space X M .
Proof. Let us fix a ( * )-elementary submodel M containing X, A, and α. Then the following formula is clearly true ∃R point-set relation on X ∀x ∈ X ∀B ⊂ X : (B is α-cone porous at x ⇐⇒ (x, B) ∈ R). ( * )
The absoluteness of this formula and its subformula implies that P α-cone X ∈ M . The first two parts of the theorem now follow using Propositions 4.6 and 5.6 and Corollary 5.9. To prove the last part one just needs to observe that any set in any Banach space is cone small if and only if it is σ-β-cone porous for each β ∈ (0, 1) ∩ Q.
Corollary 5.11. Let X be an Asplund space and A ⊂ X be a Suslin set. Then for every separable space V 0 ⊂ X there exists a closed separable space V ⊂ X such that V 0 ⊂ V and A is cone small in X ⇐⇒ A ∩ V is cone small in V. 
Applications
whenever λ ∈ [0, 1] and x, y ∈ U (x 0 , δ). We say f is approximately convex on G if it is approximately convex at each x 0 ∈ G. Remark 6.2. The class of approximately convex functions includes semiconvex functions and strongly paraconvex functions (for definitions see, e.g., [13] ).
We shall apply our result about cone small sets to prove the following generalization of [13, Theorem 5.5] to nonseparable Asplund spaces. Note that the following theorem is also a strengthening of [13, Theorem 5.9 ] which states that a continuous approximately convex function on an Asplund space is Fréchet differentiable except for points from a union of a cone small set and a σ-cone supported set. Note also that unlike [13, Theorem 5.5], our Theorem 6.3 states that the exceptional set is cone small and not angle small. However, these two notions are equivalent if X is separable. Theorem 6.3. Let X be an Asplund space and G ⊂ X be open. Let f : G → R be a continuous and approximately convex function. Then the set N F (f ) of all points of G at which f is not Fréchet differentiable is cone small.
To prove the theorem we will need several notions and a lemma. The notion of LAN mapping is defined and studied in [10] .
Definition 6.4. Let X be a Banach space and G ⊂ X be open. We say a (singlevalued) mapping g : G → X * is LAN (locally almost nonincreasing) if for any a ∈ G and ε > 0 there exists δ > 0 such that for any x 1 , x 2 ∈ U (a, δ) we have
We say a multivalued mapping T : G → X * is submonotone on G if for any a ∈ G and ε > 0 there exists δ > 0 such that for any x 1 , x 2 ∈ U (a, δ), x * 1 ∈ T (x 1 ), and x * 2 ∈ T (x 2 ) we have x * 1 − x * 2 , x 1 − x 2 ≥ −ε x 1 − x 2 . Remark 6.5. Clearly T is LAN if and only if −T is singlevalued and submonotone.
The following lemma generalizes [10, Lemma 3] to general Asplund spaces. Lemma 6.6. Let X be Asplund, G ⊂ X be open and g : G → X * be LAN. Then g is continuous at all points of G except those which belong to a cone small set.
Proof. Denote by A the set of all points of G at which g is not continuous (then A is Borel) and let us fix a ( * )-elementary submodel M containing X and g. Then X M is a Banach space with separable dual and g ↾ X M is clearly LAN. Denote by B the set of all points of G ∩ X M (the intersection is nonempty) at which g ↾ X M is not continuous. By [10, Lemma 3] , B is angle small in X M . But [1, Theorem 5.1] gives that B = A ∩ X M and that A ∈ M . Hence, by Theorem 5.10, A is cone small. Definition 6.7. Let X be a Banach space, G ⊂ X be open, and f : G → R. The Fréchet subdifferential of f at a is defined by
Proof of Theorem 6.3. By [13, Lemma 2.5 (ii) and (iii)] the multivalued mapping x → ∂ F f (x) is submonotone on G. Choose any selection g of ∂ F f on G; then g is also submonotone. Lemma 6.6 (together with Remark 6.5) implies that g is continuous on G up to a cone small set. Now, [13, Lemma 5.4 ] says that f is Fréchet differentiable at points of continuity of g, concluding the proof.
Another possible application of Theorem 5.10 is the following strengthening of [8, Proposition 4.2] (for definitions see [8] ). The only difference from the original assertion is that, instead of σ-lower porous, we have the exceptional set cone small which is a stronger assertion. We shall, however, omit the proof, as there is no difference from the proof in [8] ; one just needs to use our Theorem 5.10 instead of [2, Theorem 5.4] which is an analogue of 5.10 for σ-lower porosity.
Note that we also obtain an analogue of [8, Proposition CR] for cone smallness. Since this could be of some independent interest, it is, perhaps, worth stating (see also [2, Theorem 1.2]). Proposition 6.9. Let X, Y be Banach spaces, G ⊂ X be an open set, and f : G → Y an arbitrary mapping. Then for every separable space V 0 ⊂ X there exists a closed separable space V ⊂ X such that V 0 ⊂ V and that the following are equivalent:
(i) the set of all points where f is not Fréchet differentiable is cone small in X, (ii) the set of all points where f ↾ V ∩G is not Fréchet differentiable is cone small in V .
